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2-D Analysis of Leakage in Printed-Circuit Lines
Using Discrete Complex-Images Technique

Joaquin Bernal, Francisco Meddember, IEEEand Francisco Medin&enior Member, IEEE

_ Abstract—The mixed-potential integral equation is combined 2-D problems is relatively higher than in 3-D cases because the
with the discrete complex-images technique to analyze the com- CPU time devoted to solve the final system of linear equations
plete spectrum of multilayered printed transmission lines. A is usually negligible in the 2-D situation and the Green’s

relevant contribution of the present two-dimensional approach functi tb ted ti for diff tval f
is its ability to study both the bound and leaky regimes in a very unctions must be generated many times for diiierent values o

simple, systematic, and efficient way. Since the analysis is carried the unknown propagation constant.
out in the spatial domain, this method makes it possible to analyze  Although [12]-[14] could deal with a great variety of mul-

the leakage phenomenon for structures with nonzero-thickness ticonductor and multilayer structures, they were purposely re-
conductor_s. Efficient qu_asi—analytical techniques are employed to stricted to study only theoundregime. The important question
solve the integral equatlon: _ ~ posed by the existence of both surface and space leaky-wave so-
im'e”;rea)l‘eLeJQ;_ncgﬁﬁ’L%’f;i?li%ﬁfﬁelseaky modes, mixed-potential |tions has been often treated in the frame of the SDA [3], [5]in
‘ ' such a way that only zero-thickness strip-like or slot-like struc-
tures have been considered in depth. Moreover, accounting for
|. INTRODUCTION leakage in the frame of SDA requires rather sophisticated phys-
NTEGRAL-EQUATION methods are widely recognized agcallmathematical reasoning to prop_erly choose the integration
very efficient tools for studying the propagation characte yaths that momeqt—mhethct)ds pectrgl_;r:rt]egralst_h?\ée 0 r_unGannq.
istics of printed-circuit lines. Often, these integral equatio € same reasoning has to be used ifthe spatial-domain oreen's
are posed in the spectral domain since the Green’s functigH ction IS obtained by means ofadllrect mtegranon in the spec-
of the layered medium are only known in closed-form in thigatei%n:r?lenrLYe]ihzzu;}ggte)saeI(rjnir?f[f;]se?niip[elr All]stg)zjzgv(\;:;lwwg?h
domain [1]. Thus, many works have shown the efficienc . X .
of the s[p]ectral-domainy approach (SDA) to compute t e leaky regime. This new approach turns out to be very simple
propagation parameters of both bound and/or leaky mooaé%d numerlcally very efficient for strictly plgnar structures and
capable of dealing with nonplanar conducting structures. These

[2]-[5]. Nevertheless, a well-known limitation of the SDA is luable f be also ad | qf dvi
its inadequacy to deal properly with general nonzero thickne&%ua € features can be also advantageously used for studying

conductors. A possible alternative to the SDA, able to tre e practical excitation of leaky modes [15], [16] since this 3-D
’ roblem involves as one of its crucial steps the computation of

with nonzero-thickness conductors, is found when the C(ﬁi tion int | inqin the 2-D
responding integral equation is directly solved in the spati € reaction integrais appearing in the 2-L case.

domain [6]. This technique requires to compute the spa-
tial-domain Green'’s functions from their spectral counterparts Il. FORMULATION OF THE PROBLEM

through Fourier-transform inversion. Numerically: efficient The spatial-domain mixed-potential integral equation (MPIE)
integration schemes have been used in the past to perfory

: M be applied to study the wave propagation in printed-circuit
that task [7]. However, a powerful technique proposed at ttﬂﬁes such as that shown in Fig. 1. The required kernel of the

egng)f tge ::]9805, €., th? dlscrgt(?[ co:nplex_-lmagges tlelch?r']q\'?iEIE, namely, the spatial-domain Green’s functions associated
(t d) Ei]t ﬁs. ec?[me,b!{n'a varlf 3{3 VeI"SIO(r;]S [ ]'_[f ] i Sith the scalar and vector potentials [6], have to be obtained
standard technique to obtain spatiai-domain reen s Unciops,, their corresponding spectral versions. This calculation im-

. Iayered_ structures._That _techmque, ongmally mt_ended f lies to perform Fourier transform inversions of the following
the analysis of three-dimensional (3-D) planar circuits and aj eneral type:

tennas, has been recently adapted to deal with two-dimensional

(2-D) guiding structures, including strip-like [12], coplanar , PR T A ) P R

waveguide [13], and arbitrary cross-sectional conductors [14?(|x -l 2 2= on . Glkz0; 2, #') € ke

The relevance of a fast generation of the Green’s function in (1)
where
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. [ tial Green’s function [14]. Thus, the Green's function problem
T/y'x /2 \'" @ can be reduced to obtaining the space-domain version of the fol-
| & (] hy lowing generic Green'’s function:
X eIke0(z=2)
h, Glhs0) = K| =5+ S(ke0) “)
h J7=0
1 i

wherek is a frequency-dependent constant and
Fig. 1. Cross section of the structure under study. g(/fzo) = G’(kzo)e_jk”(z"'z,) (5)
with G (k.o ) being the spectral Green’s function foe= 2/ = 0
k.o = —juo, Whereuyq is the variable used in [14] and other pa{apart fromkK). R
pers.) It can be checked that the spectral-domain Green’s funcThe spectral functio(%.) can be split into the following
tions of the layered structure are actually functiong gf pro- three different contributions: .
V|_ded that thg _medla are |sot_r0p|c_ and_/or un|aX|f';1I amsotr(_)plc g(kzo) _ SO(kZO) + Sp(kzo) + =
dielectric. Writing these functions in this convenient way (in- . k.0
stead of as functions df,)) is very relevant as it will become whereS, accounts for the quasi-static part
apparent later. - _ N e~ dkzo(z+2")
The DCIT can now be advantageously used to avoid the ar- So(kz0) = % lim  S(k) = C——F—— ()

. . . . L . $20 700 ijO
duogs computational _effort mvolve_zd in a direct nur_nerlca_l |nt_ with C being a known constanty» represents the contribution
gration of (1). The efficiency of this approach basically lies i

. . f the IV significant surface-wave terms
the fact that the spatial-domain counterpart of an spectral ex- No

ponential term is known in closed form thanks to a 2-D ver- Sp(bo) — o Ika0(a+2") 2Rk, ®)
sion of the Sommerfeld identity. This idea has been success- - = k2o — k2,

fully applied in [12]-[14] to characterizeound modes. Our wherek.,, is the pole associated with thh surface wave and

purpose here is to generalize that formulatlon_to also ac_co%t is its residues; is the remaining quasi-analytical part that
for surface- and space-wave leaky modes. This generalizat be accurately expanded as the following sum of complex
requires a previous treatment of the singularities (branch po@?ponential functions:

and poles) of the spectral Green'’s functions since these singu- N,

larities are directly relateo! to r'ad|at|0n in the form' of space and Sf(kzo) = koo (5’ — 5y — gp) ~ Z aie—jkzo("/i-l—z-l—zl)
surface waves [17]. Considering that the underlying idea of the P

DCIT is to find a sum of complex exponential functions that fits 9)
properly ¢ and each exponential term is a complex analyticalherea; and; are, respectively, the amplitude and argument of
function, it is then crucial in this method to find that part of th@ach exponential term that expands the pafi;afot depending
Green’s function that is actually analytic (i.e., free of singularief z andz’.

ties) within the range of interest. In this sense, it is important to .

note that, as a function @£, G(k.o) is not a multivalued func- A Treatment o6 p (ko)

tion because it does not show branch points in the comiplex  The spatial-domain version &f> can be written as

Si(kz0)  (6)

plane. Nevertheless{?(kzo) is still meromorphic since it does TR
have poles, which should be extracted out in order to isolate thtg>(|x — /|, 2, /) = — = Z Rk, I(|z — 2’|, 2, 25 ky)
analytic part ofG(k.o). In fact, G(k.o) has an infinite number o=
of poles atk.o = +k.,, where o (10)
) ) ) wherel, is given by
kap = ko — 1y e N
with ,, being the wavenumber of theh mode of the grounded Ip = /_Oo k2 — k2, et dks (11)

layered substrate. Despite the existence of infinite poles, in mg h 2

. - 2» = fy — k2. For the nonplanar case, the above inte-
practical cases, it is only necessary to extract out those po 31 and its derivative with respect ko — «| can be efficiently
appearing on the real axis, i.e., the poles associated with

Smputed using integration contour techniques, as explained in
above-cutoff surface waves of the grounded layered substrﬁ.| b 9 g ques, P

. : ) Lo € Appendix. However, for the planar case £ ' = 0),
[14]. For convenience, }he %asrs_tgnc contnbu'uon. should $f1)’ vslgich will be denoted afsﬂ(ky;) can be obt§ned in clo)sed
also extracted out explicitly, as originally reported in [9] an orm. If relationship [18, (4.91)] is now adapted and analytically

later, in a 2-D context, in [12]. o . : .
; . extended to make)(k,) continuous in the entire comple
The combined MPIE-DCIT approach was used in [14] tBIane 1°(k,) can l:fe( ci))nveniently expressed as &
) p Y

study the bound regime in structures with nonplanar conductors.

This approach will be briefly outlined here in order to introduce e~V lr=al (k) < 0

the nontrivial changes required to extend the method for dealing 2 _ 2 M Fap

with the leaky regime. When nonplanar conductors are consid- 0(k,) = v P (12)
) =

ered, the kernel of the integral equation contains several terms * oIV e
of the dyadic magnetic vector-potential Green’s function and Y e Im(kzp) >0
some derivatives plus the term associated to the scalar-poten- Jy/ Kp — kg
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Im(k,)
G
.
o/ G Re(k)
©

Fig. 2. Paths of integration in the compléx-plane. For simplicity, only a ) ) )
pair of surface-wave poles are shovea)( Fig. 3. Integration path§, andC’; in the complex:, -plane. Integration paths

on the proper/improper sheet with respect totfie., branch points are display
in solid/dashed lines. For simplicity, only a pair of surface-wave poles are shown
in order to emphasize the nature of the associated field. Frorfia
physical point-of-view, thdm(k,,) < 0 case implies that the
fields associated with the above-cutpth surface wave decay where
exponentially in the transverse direction. Taking all the sur- . ,

. . . . oo C*]kzo("/i +z+2") ) ,
face-wave terms in this way would be consistentwithitbend (15, — 57| -, ) = / e Ikale—a’l gp.
regime. The surface-waVeakyregime is accounted for by the —o0 drjk.o
Im(k,,) > 0 case, which gives the characteristic exponentiall

growing-field behavior in the transverse direction [17]. Takin ' ) ! A A
the second choice for some of the above-cutoff surface wav@gfhe integral representations given by the inverse Fourier trans-

the resulting leaky regime would account for a mode radiatifg'™ L' Will be expressed in an appropriate closed form. Thus,
in the form of only those surface waves thus considered.  'elationship [18, (4.156)] is now adapted and analytically con-
tinued in the entirg:,, plane to write

(14)
ollowing a similar rationale as that previously usedlﬁ)reach

The above results can be related to the SDA by means of con- Y
tour integration techniques. If, for simplicity, only one surface 1 . 5
wave is assumed to be above cutoff, the bound-regime result o KO( ky = ko 52‘) ’ Im(ke0) <0
in (12) is equivalent to having used the conventional real-axis I = 1 o 5 (15)
integration path when performing the Fourier-transform inver- 3 H, ( kg — k &‘) » Im(keo) >0

sion (pathCy in Fig. 2). The surface-wave leaky-regime result

can be viewed as a consequence of employing an integratiplare +% o = =+./k2—k2 are the branch points
contour detouring around the poles as pathin Fig. 2. Taking of the Green's functioon i; the complexk,-plane

into account that the integrand in (11) has no branch points, in- — 3 : AV N )
tegration along patld’y is equivalent to integration along pathg . .\/(x =) + (7.2 2+ )% Kol) .IS the ze)roth order
O, in Fig. 2, whereas the integration path is equivalent to modified Bessel function of the second kind, a’ﬁ]éiz (1) isthe

the integration patkt’,,. Therefore, switching betweef}, and zeroth-order Hankel function of the second kind. Taking into
pzr 1

Cy paths simply implies changing the pole that is captured count that both the quasi-static tel§p and the first term

the integration path. This switch is equivalent to choose the pdi (4) can be con_5|der9ed ashpartlcljlar cases of t.hT gxpor_wenhal
according to the sign of its imaginary part. terms in expansion (9) (when; = 0), its spatial-domain

The above discussion has shown that the selection of ﬁ:%unterpart can be readily obtained from (15).

regime to be deal with (bound or surface-wave leakage) i?Looking at (15), the first option, i.elm(ks0) < 0, gives

simply imposed by the proper choice in (12). Following thRlace to exponentially decaying fields in the normalirection,

theory given in [15], the moment-method determinant functio{i’\Si_tuation that is compatible with the bound regime. The second

whose zeros are the propagation constants of the line defiﬁ@%on in (15) provides exponentially growing fields in the upper

a Riemann surface in the longitudinal wavenumber compl%_@f'Space’lthl:jS i;countitr:g folr thg sp?]ce;jv_vf?ve Iegky regi.me.
ky-plane with multiple branch points. Thus, the choice madé1e two-valued (15) can be related to the different integration

in 19(k,) can be related to the proper/improper sheet that ghgths used in the SDA of space-wave leaky modes [3], [16]. The

propagation constart, will be located on when searching fc)rconven_tional real-axi€’y integration path_ in Fig. 3is found to
the roots of the dispersion equation of the line. be equivalent to thém(k,o) < 0 choice in (15), whereas the
C, integration path in this figure would reflect they(%,0) > 0

choice.

B. Treatment of(k.o)

C. Solving the Integral Equation

Taking into account the complex exponential expansion (9),

the space-domain contribution associated with= S; /k.o
can be expressed as

A relevant feature of the present approach is that very ac-
curate closed-form expressions are obtained for the kernels of
the integral equation for both the bound and leaky regimes. The
N regime to be studied (bound, surface wave, and space wave) is
Silz — 2|, 2, 2') = Z ali(|x — 2/, 2, 2) (13) simply selected by the convenignt choice in (12) a_nd (15). This
— provides a systematic, very efficient, and rather simple way to
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study the propagation phenomena, superseding the possible i
conveniences of the SDA related to the numerical evaluatior
of the spectral integrals along different integration paths in the
complex plane.

16

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 50, NO. 8, AUGUST 2002

tw=0
B SDAdata
= Yw=0.1; $=90°
e Yw=0.1; $=45°

1.2 4

e onsta

Once the space-domain kernels are obtained, the integr:o
equation is solved by using the Galerkin moment method. §
Chebyshev polynomials of the first and second kinds weighec%
by the edge condition are used as basis functions to analyz£
structures with infinitely thin conductors. Structures with
arbitrary cross-sectional conductors are analyzed employin
nonuniformly distributed piecewise linear functions as basis
functions. In both cases, a quasi-analytical evaluation of the 0.4 . : :
matrix entries is carried out. More details can be found in [12] 4 6 8
and [14].

1.0 % %
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&
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@

Ill. NUMERICAL RESULTS le

tiw=0
B SDA data
e tiw=0.1; $=90°

wwmo Yw=0.1; p=45°

The present method has been validated by comparing our reg
sults with previously published results and with those obtainec:
by means of a well-established SDA code [19] developed for: N
zero-thickness strip-like structures. The agreement for botr“
bound and leaky regimes is excellent for all the cases COI’]SIch
ered. As a first example, Fig. 4(a) and (b) shows the normalize(,, 4]
phase and attenuation constants for a space-wave leaky moi& y
supported by a microstrip line previously studied by Michalsky g
and Zheng [7] only for the zero-thickness case. The compariso/©
between the data reported in [7] with our MPIE-DCIT results
shows an excellent agreement. Fig. 4(a) and (b) also include
results for two nonzero thickness cases, i.e., rectangular an

. . Frequency (GHz)
trapezoidal cross-sectional conductors. These curves show how
the shape of the conductor can influence the dispersion curves. (®)
To give an idea of the overall computational effort requireéig. 4. Normalized: (a) phase and (b) attenuation constant for a space-wave
by our method, 100 values of the propagation constant i"_kyung‘;ien'q%the microstrip line shown in the inset: = 9.8, w = 3 mm,
the zero-thickness case were computed in 6 s with a Pentium
Il 450-MHz computer. Rectangular or trapezoidal structures
require a few seconds to get a single valuekgfusing the
same platform. Fig. 5 shows another comparison with th _
dispersion curves of a circular-wire transmission line reporte g
in [7, Fig. 7]. Again, the agreement found both for the bounco
(EHO) and the space-wave leakigl1) modes is very good. It
is interesting to mention that, in the computation of the abov §
results, because of the presence of several slab wavegum
modes T™M0, TE1, andTM1), the explicit contribution of up
to three surface-wave poles had to be considered in the calcult g

Finally, and to show the capability of our method to deal with 2
multiconductor and multilayer nonplanar structures, a two-laye
LIGA micromachined transmission line has been analyzed. Th
LIGA process, described in [20], gives rise to metallizations
with a high thickness/width ratio. This makes it possible to use
the conductor thickness as a new variable in the design of fify. 5. Normalized phase and attenuation constants of the fundamental mode
ters and couplers. The analyzed structure consists of a pairwf the first higher mode in a circular-wire transmission line. Lines: our results.
square cross-sectional conductors (2000 ;m) separated SYmPols: datain [7]. Structural parametergh = 0.25, &, = 4.
by a 120uxm distance and placed on a layered substrate. The
dispersion curves of the normalized propagation and attentiaat the splitting point (the point where a complex leaky solution
tion constants for a surface-wave leaky mode appearing in thigrges with a complex conjugate solution, and the two solutions
structure are shown in Fig. 6. To study the effect of the metallizéren split apart as two improper real modes) appears at lower
tion thickness, the dispersion curves for the same structure fieguencies in the nonplanar case. Results for the square-shape
suming zero-thickness conductors are also shown. It can be seemductors have been obtained with 15 basis function over each

agatio onstan

alized
Normalized Attenuation Constant

0.30

0 .’25
hikg

0.10 0.15 0.20
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0.30

where

~ 0.25

T, = —2sign [Re(kmo)] ¢ Ika0x

oosin( 32+2jkxosC)
Xds. (17
X/o 242k kg, ¢ 0 (A7)

~ 0.20

" 015
The firstterm in (16) is a two-valued function accounting for the

Normalized Propagation Constant
Normalized Attenuation Constant

14 - 0.10 surface-wave pole contribution willm(%.,,) < 0—as in (12),

the sign oflm(k,,) determines the bound/leaky regime under
10 1 - 0.05 consideration. The second term in (16) gives the contribution of
o oo the integration along the branch cut (assuming that> k)

and, more specifically, it comes from an integration along a ver-
tical branch cut withm+/s2 + 2jk,0s < 0. As happensin (15),
the sign oflm(k,o) in (17) sets the regime (bound/space-wave
Fig. 6. Normalized phase and attenuation constants for a surface-wave lelg@ky) to be treated. The change of variable = k.o — js
mode in a two-conductor and two-layer transmission line witk= 200 pm,  ~guses integra‘f to be quickly calculated by using for in-
s =120 um,hy = hy = 210 pm, e, = 3, ande,, = 4.6. P ’

stance, Gauss quadratures.

) The derivative off,, can be readily computed from the above
conductor. The CPU time was much larger for the nonplanggpressions to give

case because of the use of many basis functions (in compar-

ison with the zero-thickness strip case) and the need for com- o1, = e IkenX g=ikzpC 9y (18)
puting more time-consuming integrals. Regardless, the method Ix Ix

provides the possibility of efficiently determining in a quantitawhere

tive way the influence of the thickness or the shape of the copy,

40 45 50 55 60 65 70 75 80
Frequency (GHz)

ductors in the leaky regime. oy —jkuoXp + 2sign[Re(kyg)| e7F=0x
IV. CONCLUSIONS 00 Sill( 52 + 2jkzos C)
X / 5 - 5 se Xds. (19)
A new approach based on the combination of the MPIE and 0 5% 4 2jkg0s — kZ,

DCIT has been developed to compute in a simple and systemnote that, for large values af, the integrands in (17) and
atic way the propagation characteristics of both bound, surfacg-g) become highly oscillatory, thus giving rise to numerical
and space-wave leaky modes in printed-circuit lines. One of thgawbacks. In that casé, can be calculated by means of a di-
main goals of this approach has been the obtaining of accuraigt integration of (11). This numeric integration must be per-
expressions for the kernels of the corresponding integral eqggmed along pati®’; in Fig. 2 to account for the bound regime,
tion in a quasi-analytical way. This has avoided the involved tagihereas patld’; /C»> must be chosen if we are looking for a sur-
of integrating along diverse integration paths in the transvergge-/space-wave leaky regime.
wavenumber complex plane required in the SDA. The use ofThe integral along thé€, real-axis path, denoted a}go, can
the complex images technique has also provided high accurggyrewritten in the following form:
and efficiency to the analysis. Working in the spatial domain has o
allowed for a direct (although nontrivial) extension of the anal- JCo —9 / cos(kax) e Ik=0C g1 (20)

. P k2 _ |2 &z
ysis to nonplanar conductors. Some results have been reported 0 z — Fap

to show the accuracy and efficiency of the computer code dgs,(x_,) < 0), which can be efficiently calculated by using

veloped. Gauss quadratures. Note that large valueg &#ad to a fast
convergence for®.
APPENDIX The integration along patfiy, i.e.,/5*, can be splitinto inte-

An efficient method to compute integral (11) and its derivegration along the real axi€}) in addition to integration along
tive with respect tdz — 2’| will be shown here. To simplify the Cp1 @andCiz paths in Fig. 2, namely,
notation, the following new variables will be used= |z — 2| c c c c

’ ISt = 160 4 1Sv 4 [Gve 21

and¢ = (z + 2/). P po T (21)

The integrand in (11) has two poles/at = £k, and two where
branch points ak, = +k,o. If an integration path running - o 2 ) i
from —oo to oo along the real axis is conveniently closed in L+ L = i cos(jkapx) €7 (22)
the lower half-plane, the result of this integral is determined by ’
the surface-wave pole enclosed by such a path. Considering i [m(%.,) < 0 andIm(k,;) > 0.

the closed path must detour around the branch cut, (11) can béccording to [16], the integral along path, i.e., I;%, can
expressed as be expressed as integral (21) plus an integral running along a

Ko loop, as shown in [16]

X
kg
[ + Tp (16) II?Q — II?’] +III)00D (23)

e J

I, =
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where [15] C. Di-Nallo, F. Mesa, and D. R. Jackson, “Excitation of leaky modes on
. multilayer stripline structures,JEEE Trans. Microwave Theory Tech.
2j 1 sm(kmm/ 1- u2C) ) vol. 46, pp. 1062-1071, Aug. 1998.
I;OOP = = / 5 e~ TheouX gy (24) [16] F. Mesa, C. Di-Nallo, and D. R. Jackson, “The theory of surface-wave
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w2 — | 22 Microwave Theory Techvol. 47, pp. 207-215, Feb. 1999.
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with Im(k,¢) > 0 andIm(k,o+ /1 — u?) < 0. [18] D. G. Dudley, Mathematical Foundations for Electromagnetic

The derivative of,, with respect to¢ = |x—z’| can be readily

Theory Piscataway, NJ: IEEE Press, 1994.
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